Abstract. In this article, we …rst presented some integral inequalities for Gauss-Jacobi type quadrature formula involving generalized relative semi-(r; m; p; q; h 1 ; h 2 )-preinvex mappings. And then, a new identity concerning (n + 1)-di¤erentiable mappings de…ned on m-invex set via Caputo k-fractional derivatives is derived. By using the notion of generalized relative semi-(r; m; p; q; h 1 ; h 2 )-preinvexity and the obtained identity as an auxiliary result, some new estimates with respect to Ostrowski type inequalities via Caputo k-fractional derivatives are established. It is pointed out that some new special cases can be deduced from main results of the article.
Introduction
The subsequent double inequality is known as Ostrowski inequality which gives an upper bound for the approximation of the integral average Ostrowski inequality is playing a very important role in all the …elds of mathematics, especially in the theory of approximations. Thus such inequalities were studied extensively by many researches and numerous generalizations, extensions and variants of them for various kind of functions like bounded variation, synchronous, Lipschitzian, monotonic, absolutely, continuous and n-times di¤erentiable mappings etc. appeared in a number of papers (see [[2] - [4] , [11] - [13] , [15] , [16] , [18] , [22] , [23] , [31] , [32] , [34] , [37] , [40] , [42] , [43] , [49] , [51] , [60] , [62] , [64] , [66] ]). In recent years, one more dimension has been added to this studies, by introducing a number of integral inequalities involving various fractional operators like RiemannLiouville, Erdelyi-Kober, Katugampola, conformable fractional integral operators etc. by many authors (see [[1] , [47] , [52] - [58] ]). Riemann-Liouville fractional integral operators are the most central between these fractional operators. In numerical analysis many quadrature rules have been established to approximate the de…nite integrals (see [[14] , [20] , [36] , [38] , [39] , [44] , [48] , [61] , [63] ]). Ostrowski inequality provides the bounds for many numerical quadrature rules. In recent decades Ostrowski inequality is studied in fractional calculus point of view by many mathematicians (see [[6] - [10] , [24] - [30] , [35] , [45] , [50] ]).
Let us recall some special functions and evoke some basic de…nitions as follows. Theorem 1.5. Let x; y > 0: Then for k-gamma and k-beta function the following equality holds: 
If = n 2 f1; 2; 3; : : :g and usual derivative of order n exists, then Caputo fractional derivative c D a+ f (x) coincides with f (n) (x): In particular we have
where n = 1 and = 0:
[19] Let > 0; k 1 and = 2 f1; 2; 3; : : :
. The Caputo k-fractional derivatives of order are de…ned as follows:
n is named as a relative convex ('-convex) set, if and only if, there exists a function ' : R n ! R n such that,
[65] A function f is named as a relative convex ('-convex) function on a relative convex ('-convex) set M ' , if and only if, there exists a function ' : R n ! R n such that,
De…nition 1.11.
[5] A set K R n is said to be invex respecting the mapping : K K ! R n ; if x + t (y; x) 2 K for every x; y 2 K and t 2 The function f on the invex set K is said to be h-preinvex with respect to , if
for each x; y 2 K and t 2 [0; 1] where f ( ) > 0.
Clearly, when putting h(t) = t in De…nition 1.12, f becomes a preinvex function [46] . If the mapping (y; x) = y x in De…nition(1.12), then the non-negative function f reduces to h-convex mappings [63] . De…nition 1.13.
[61] Let f : K R ! R be a non-negative function, a function f : K ! R is said to be a tgs-convex function on K if the inequality
grips for all x; y 2 K and t 2 (0; 1).
De…nition 1.14.
[34] A function f : I R ! R is said to M T -convex functions, if it is non-negative and 8 x; y 2 I and t 2 (0; 1) satis…es the subsequent inequality: 
is valid for all x; y 2 K and t 2 [0; 1], for some …xed m 2 (0; 1].
Let us recall the Gauss-Jacobi type quadrature formula as follows. The following de…nitions will be used in this section.
De…nition 2.1. [17] A set K R is named as m-invex with respect to the mapping : K K ! R n for some …xed m 2 (0; 1]; if mx + t (y; mx) 2 K grips for each x; y 2 K and any t 2 [0; 1]: Remark 2.2. In De…nition 2.1, under certain conditions, the mapping (y; mx) could reduce to (y; x): For example when m = 1; then the m-invex set degenerates an invex set on K:
We next introduce generalized relative semi-(r; m; p; q; h 1 ; h 2 )-preinvex mappings. 
holds for all x; y 2 I and t 2 [0; 1]; for p; q > 1 with some …xed m 2 (0; 1], where
is the weighted power mean of order r for positive numbers f (x) and f (y).
Remark 2.4. In De…nition 2.3, if we choose r = p = q = 1 and '(x) = x; then we get De…nition 1.16.
Remark 2.5. For r = p = q = 1; let us discuss some special cases in De…nition 2.3 as follows.
s ; h 2 (t) = t s for s 2 (0; 1]; then we get generalized relative semi-(m; s)-Godunova-Levin-Dragomir-preinvex mappings.
(IV) If taking h 1 (t) = h(1 t); h 2 (t) = h(t), then we get generalized relative semi-(m; h)-preinvex mappings.
(V) If taking h 1 (t) = h 2 (t) = t(1 t), then we get generalized relative semi-(m; tgs)-preinvex mappings.
It is worth to mention here that to the best of our knowledge all the special cases discussed above are new in the literature.
We claim the following integral identity. 
Proof. It is easy to observe that
This completes the proof of the lemma.
With the help of Lemma 2.6, we have the following results. 
where (h 1 (t); r; p) :=
Proof. Let k > 1 and 0 < r 1: Since f k k 1 is generalized relative semi-(r; m; p; q; h 1 ; h 2 )-preinvex mappings on K; combining with Lemma 2.6, Hölder inequality, Minkowski inequality and property of the modulus for all t 2 [0; 1] and for some …xed m 2 (0; 1]; we get
So, the proof of this theorem is completed.
We point out some special cases of Theorem 2.7.
Corollary 2.8. In Theorem 2.7 for r = p = q = 1 and h 1 (t) = h(1 t); h 2 (t) = h(t), we have the following inequality for generalized relative semi-(m; h)-preinvex mappings
ARTION KASHURI AND RO ZANA LIKO Corollary 2.9. In Theorem 2.7 for r = p = q = 1 and h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(m; s)-Brecknerpreinvex mappings
Corollary 2.10. In Theorem 2.7 for r = p = q = 1 and h 1 (t) = (1 t) s ; h 2 (t) = t s , we get the following inequality for generalized relative semi-(m; s)-GodunovaLevin-Dragomir preinvex mappings
Corollary 2.11. In Theorem 2.7 for r = p = q = 1 and h 1 (t) = h 2 (t) = t(1 t), we obtain the following inequality for generalized relative semi-(m; tgs)-preinvex mappings
Corollary 2.12. In Theorem 2.7 for r = p = q = 1 and h 1 (t) = p 1 t 2 p t ; h 2 (t) = p t 2 p 1 t , we deduce the following inequality for generalized relative semi-m-M Tpreinvex mappings
Theorem 2. 
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Let us discuss some special cases of Theorem 2.13.
Corollary 2.14. In Theorem 2.13 for r = p = q = 1 and h 1 (t) = h(1 t); h 2 (t) = h(t), we have the following inequality for generalized relative semi-(m; h)-preinvex mappings
Corollary 2.15. In Theorem 2.13 for r = p = q = 1 and h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(m; s)-Brecknerpreinvex mappings
Corollary 2.16. In Theorem 2.13 for r = p = q = 1 and h 1 (t) = (1 t) s ; h 2 (t) = t s , we get the following inequality for generalized relative semi-(m; s)-GodunovaLevin-Dragomir preinvex mappings
Corollary 2.17. In Theorem 2.13 for r = p = q = 1 and h 1 (t) = h 2 (t) = t(1 t), we obtain the following inequality for generalized relative semi-(m; tgs)-preinvex mappings
Corollary 2.18. In Theorem 2.13 for r = p = q = 1 and 
Other results involving Caputo k-fractional derivatives
For establishing our main results regarding some new Ostrowski type integral inequalities associated with generalized relative semi-(r; m; p; q; h 1 ; h 2 )-preinvexity via Caputo k-fractional derivatives, we need the following lemma. 
We denote I f; ;' (x; ; k; n; m; a; b)
Proof. Integrating by parts, we get I f; ;' (x; ; k; n; m; a; b) = n k +1 ('(x); '(a); m)
Using Lemma 3.1, we now state the following theorems for the corresponding version for power of (n + 1)-derivative. jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1
3) where
Proof. Suppose that q > 1 and 0 < r 1: From Lemma 3.1, generalized relative semi-(r; m; p 1 ; p 2 ; h 1 ; h 2 )-preinvexity of f (n+1) q ; Hölder inequality, Minkowski inequality and properties of the modulus, we have jI f; ;' (x; ; k; n; m; a; b)j
We point out some special cases of Theorem 3.2.
K; we get the following inequality for Caputo fractional derivatives:
Corollary 3.4. In Theorem 3.2 for h 1 (t) = h(1 t) and h 2 (t) = h(t), we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; h)-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1
Corollary 3.5. In Theorem 3.2 for h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; s)-Breckner-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1
Corollary 3.6. In Theorem 3.2 for h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; s)-Godunova-LevinDragomir-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1
988 ARTION KASHURI AND RO ZANA LIKO Corollary 3.7. In Theorem 3.2 for h 1 (t) = h 2 (t) = t(1 t); we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; tgs)-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1
, we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 )-M T -preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 p n k + 1 1; then the following inequality for Caputo k-fractional derivatives holds: jI f; ;' (x; ; k; n; m; a; b)j 1 n k + 1
where I(h i (t); r; ; k; n; p i ) :=
Proof. Suppose that q 1 and 0 < r 1: From Lemma 3.1, generalized relative semi-(r; m; p 1 ; p 2 ; h 1 ; h 2 )-preinvexity of f (n+1) q ; the well-known power mean inequality, Minkowski inequality and properties of the modulus, we have jI f; ;' (x; ; k; n; m; a; b)j So, the proof of this theorem is completed.
We point out some special cases of Theorem 3.9.
Corollary 3.10. In Theorem 3.9 for h 1 (t) = h 2 (t) = h(t); p 1 = p 2 = m = k = r = 1; ('(y); '(x); m) = '(y) m'(x); '(x) = x; 8x 2 I and f Corollary 3.11. In Theorem 3.9 for h 1 (t) = h(1 t) and h 2 (t) = h(t), we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; h)-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 n k + 1 Corollary 3.12. In Theorem 3.9 for h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; s)-Breckner-preinvex mappings jI f; ;' (x; ; k; n; m; a; b)j 1 n k + 1 Corollary 3.13. In Theorem 3.9 for h 1 (t) = (1 t) s ; h 2 (t) = t s , we have the following inequality for generalized relative semi-(r; m; p 1 ; p 2 ; s)-Godunova-LevinDragomir-preinvex mappings
